BEFRIENDING ASKEY WILSON POLYNOMIALS 



PAWEL J. SZABLOWSKI 

Abstract. Although our main interest is with the Askey-Wilson (AW) poly- 
nomials we recall four other families of polynomials constituting part of the 
so-called Askey-Wilson scheme. We do this for better exposition of AW prop- 
erties. Among others we express AW density as a product of the density 
that makes q— Hermite polynomials orthogonal times a product of four char- 
acteristic function of q— Hermite polynomials 1 12. 91 1 just pawing the way to 
generalization of AW integral. Our main results concentrate mostly on the 
complex parameters case forming conjugate pairs. We present new fascinating 
symmetries between the variables and some newly defined (by the appropriate 
conjugate pair) parameters. In particular in 113.111 1 we generalize substantially 
famous Poisson-Mehler expansion formula 113.1511 in which q— Hermite poly- 
nomials are replaced by Al-Salam-Chihara polynomials. Further we express 
Askey-Wilson polynomials as linear combinations of Al-Salam-Chihara (ASC) 
polynomials. As a by-product we get useful identities involving ASC polyno- 
mials. Finally by certain re-scaling of variables and parameters we arrive to 
AW polynomials and AW densities that have clear probabilistic interpretation. 



1. Introduction 

As it is well known AW polynomials were introduced in [9] and constitute the 
biggest (as of now) family of orthogonal polynomials depending on 5 parameters. 
One of these parameters is special, called base and denoted by q. In most of the 
applications where AW polynomials appear q is real from (—1,1]. Sometimes one 
considers also the case q > 1. These polynomials are important in many applications 
in special functions theory (e.g. [12]), combinatorics (see e.g. [8]), both non- 
commutative (see e.g. [3J) and classical probability (see e.g. [5] [53]) or last but 
not least quantum mechanics (see e.g. [B], [5]). 

Our presentation of AW polynomials as the last element of the sequence of 
families of orthogonal polynomials (AW scheme) will reveal some regularities that 
if properly extended might lead to a generalization of AW polynomials. To see 
these regularities we recall the 5 families of polynomials that belong to the so-called 
Askey-Wilson scheme of polynomials. We present some believed to be new, finite 
and infinite expansions of one family of the polynomials with respect to the other as 
well as expansions of the ratio of the densities of measures that make these families 
orthogonal. The families of polynomials that we are going to recall are related 
by the fact that respectively 4 (leading to continuous q— Hermite (qh)), 3 (leading 
to big continuous q— Hermite (bqh)), 2 (leading to Al-Salam-Chihara (ASC)), 1 
(leading to continuous dual Hahn (C2H)), and finally (leading to Askey-Wilson 
polynomials (AW)) of 4 parameters that appear in the definition of Askey-Wilson 
polynomials (apart of the 5th parameter - the base) are set to zero. 



Date: September 1, 2011. 

2010 Mathematics Subject Classification. Primary 33D45, 33D65, 42C10; Secondary 42C05, 
05A30, 

Key words and phrases. Askey-Wilson, Al-Salam-Chihara, continuous dual Hahn, g-Hermite, 
, orthogonal polynomials, density expansion, kernels built of Al-Salam-Chihara polynomials. 



2 



PAWEL J. SZABLOWSKI 



Much is known about these polynomials however far from all. In particular only 
recently moments of the AW distribution that makes these polynomials orthogonal 
ware calculated (see e.g. [8] or [TT]V 

The paper aims to increase this knowledge. In particular we derive the so- 
called 'connection coefficients' between considered families of polynomials and try 
to derive as much as possible information about these polynomials from these coeffi- 
cients. The connection coefficients are formally known (see e.g. formulae in [3] and 
[T7]). In this paper we identify these coefficients in terms of known polynomials of 
parameters obtaining useful formulae especially in the case of complex parameters. 

In particular knowing these coefficients we are able relate densities (if they exist) 
of measures that make these polynomials orthogonal. The idea how to get it was 
presented in |10j . We will recall this idea now briefly since below we use it to quickly 
and intuitively derive the densities that make involved polynomials orthogonal. 

More precisely let us assume that we have two positive probability measures 
da and d/3 with the densities respectively A (x) and B (x) and let respectively 
{a n {x)} n>Q and {b n (x)} n>0 denote sets of monic polynomials orthogonal with 
respect to da and d/3. Let us also assume that supp /? = suppa. 

Suppose that we know the numbers ^ k n (known as 'connection coefficients') 
such that for every n > : 

71 

an (x) = ^7fc,rA (x) 
k=0 

for every x e M. Assume also that f supp (B)(B 2 ( x ) I A 2 (x))da(x) < oo, then : 

oo f 

(1.1) B (x) = A (x) V ^^a n (x) , 

where a„ = f supp ^ o, n (x) 2 da (x) , similarly for the polynomials b n . Convergence in 

(|l.ip is L 2 convergence, however if coefficients 7o ;"^° are such that J2 n >o (^T^j 1°§ 2 n 

< oo, then by the Radcmacher-Menshov theorem we have almost pointwise, abso- 
lute convergence. In most cases interesting in the q— series theory this condition is 
trivially satisfied hence all expansions we are going to consider will be absolutely 
almost pointwise convergent. 

Our main results concentrate on the complex parameters case and are presented 
in Proposition [S] and Theorem [TJ Then the considered families of polynomials are 
orthogonal with respect to distributions that have densities. For such parameters 
after additional re-scaling and re-normalization we get clear probability interpre- 
tation of the analyzed densities and polynomials. The interpretation is important 
for both commutative (i.e. classical) as well as in non-commutative probability 
case. In particular in the relatively new and intensively developing so-called 'free 
probability'. 

As a by-product we get nontrivial finite identities involving rational functions of 
4 variables (see Corollary H]) . 

It turns out that in this 'complex parameter' case there appear new fascinat- 
ing symmetries between the variables and some of the parameters. In particular 
we express Askey- Wilson polynomials as linear combinations of Al-Salam-Chihara 
polynomials which together with obtained earlier expansion of the Askey- Wilson 
density forms complete generalization of the situation met in the case of Al-Salam- 
Chihara and q— Hermite polynomials and the Poisson-Mehler expansion formula 
(see Corollary [3] and Remark [7]). 
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The paper is organized as follows. In the next section we present elements of 
the useful notation used in the so called q— series theory, present AW polynomials 
and relate them to other families of orthogonal polynomials that are the object 
of this paper and point out relationships between them that will be important in 
the sequel. In Section [3] we present our main results. Starting with the useful 
conversion proposition (Proposition [3]) that allows to express a certain combination 
of complex exponentials in the form of a certain combination of q— Hermite and 
Al-Salam-Chihara polynomials, we present our main result (Theorem [I} that is 
the finite expansion of n-th Askey- Wilson polynomial with complex parameters as 
a linear combination of ASC polynomials with coefficients that have a form of some 
polynomial closely related to ASC polynomials and conversely. That is we present 
?i— th ASC polynomial as a linear combination of AW polynomials with coefficients 
being ASC polynomials of certain parameters. In Section 0] we give probabilistic 
interpretation of the AW polynomials as well as the AW density. We also present 
the exact form of these polynomials and AW density for the special cases q = 1 
and q = 0. The last case being important for the free probability. Last Section [5] 
present less interesting or longer proofs. 

2. Notation and definitions of families of orthogonal polynomials 

2.1. Notation, q is a parameter. We will assume that — 1 < q < 1 unless otherwise 
stated. We will use traditional notation of the q— series theory i.e. [0] = 0, [n] q = 
l + q + ... + q n-\ [n] 3 ! = n"=iL?1 g ,with[0] g ! = l, 



, otherwise 



J i 

It will be useful to use the so called q— Pochhammer symbol for n > 1 : 

ti— 1 k 

(°; l)n = II i 1 aql ) ' ( fll > ° 2 ' ■ • ■ ' afc5 = II ( a J'5 9) n ■ 
3=0 j=l 

with (a;q) = 1. Often (a;q) n as well as (ai, a^, • • ■ , ah] Q) n will be abbreviated 
to (a)„ and (a\, a%, . . . , a,k) n > if the base will be q and if it will not cause mis- 
understanding. We will need also the following four well known, easy to derive, 
formulae 

(2.1) (a) n = (-l) n «(S)a»(o- 1 ;g- 1 ) n , (a; q^) n = (-1)" g'COa" (l/a)„ , 

(2.2) (o)„ = (ag"- 1 ;g- 1 ) n . 



. 71 > > 

(<z)„_ fc (<7) t; ' - - 

, otherwise 



It is easy to notice that (g) n = (1 — q) n [n] q \ and that [^] : 

To support intuition let us notice that [n^ = n, [n] 1 ! = n\, [^] = (^), (a; l) n = 

(1 -rand [»]„ = { J V , W ! = l,Ga = !.(-; °)n = { ^ a ^ 

2.2. Askey Wilson and other related families of polynomials. These fam- 
ilies of orthogonal polynomials form a part of the so called Askey- Wilson scheme 
of orthogonal polynomials. It means that they are interrelated and each member 
of this sequence depends on one more parameter. All the families that will be pre- 
sented below depend on one common parameter - the base denoted by q such that q 
> — 1. For q 6 (—1,1] these polynomials are orthogonal with respect to some posi- 
tive measure on [—1, 1] under some conditions imposed on the values of parameters. 
Hence we will mostly concentrate on the case q E (—1,1]. The conditions imposed 
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on the parameters consist in fact of the requirement that the products of all pairs 
of these parameters are real and have absolute values not exceeding 1 . If one of the 
parameters, say a is real and greater than 1 then the measure has # {fc : aq k > l} 

jumps located at points Xk = ((aq k + (aq k ) 1 )/2. The masses that are assigned to 
these points depend on the polynomial. Since our main concern is with the regular, 
'without jumps' case we will not give those masses. 

Askey- Wilson (AW) polynomials {a n } were introduced in |9]. Its original defini- 
tion was given through the basic hypergeometric function. Fortunately there exist 
other characterizations of this family of polynomials. Particularly there exists a 
characterization through 3-term recurrence. Namely starting from |16j . (3.1.5) and 
defining 

(2.3) a„ (x\a, 6, c, d, q) = p n (x\a, b, c, d, q) / (abcdq n ~ 1 ) n 

we get the following 3-term recurrence to be satisfied by the polynomials a n : 

(2.4) 2xa n (x) = a n+ i (x) + e n (a,b,c,d,q) a n (x) - /„ (a,b,c,d,q) a n _i(x), 

with a_i (x) — 0, ao (x) — 1, where for simplicity we denoted a n (x) = a n (x\a, b, c, d, q) 
and f n and e„ are given below as assertion of the Proposition [T] 
We have immediate 

Proposition 1. f n (a,b,c,d,q) = (l-q n ) (abcdq^Mabcdq^-^ L > 

(n h ^ A n\ — ((a+b+c+d)(q 2 -abcbdq' 1 (l+q-q n + 1 )) + (abc+abd+acd+bcd)(q-q n + 2 -q n + 1 )+abcdq 2 

e " V"i °) c > "> 1) — H (l-abcdq 2 ^- 2 )(l-abcdq 2 ™) 

Proof. Technical, uninteresting proof is moved to Section [5j It is based on formula 
(3.1.4) of ng. □ 

Again from Favard's theorem it follows that polynomials {a„} are orthogonal 
with respect to the positive measure provided /„ (a, b, c, d, q) is nonnegative for all 
n > 1. Again examining the form of f n and e n we see that this requirement can be 
reduced to the requirement that |o6| , \ac\ , \ad\ , \bc\ , |M| , \cd\ < 1. If \a\ , |6| , |c| , 
\d\ < 1 then this measure has density. 

Lemma 1. We have 
(2.5) 



a n (x\a, b, c, d, q) = 2J 



i=0 



n-i ("-*\{bcq l ,bdq\cdq' / ) n _ i 
(—a) n l gv 2 ) — — -—r, — ^^-ibj (x\b,c,d,q) , 
v ' (a&cdg"+ l - 1 ) n _. i iy 1 ; 



(2.6) ^ n (x\b,c,d,q)-^ 



i 

. (bcq 1 , bdq z , cdq 



n r • 

n 



i=0 



'-on (x\a, b, c, d, q) 



(abcAq 2l ) n _ 

Proof. Is shifted to Section [SJ □ 



Let us remark that AW polynomials with some of the parameters a, 6, c, d set to 
zero constitute new families of polynomials and have separate names. Namely 

a n (x\0,b,c,d,q) = ip n (x\b,c,d,q), a n (x\0,0,c,d,q) = Q n (x\c,d,q), 
a n (x\0,0,c,d,q) = h n (x\d, q), a n (x\0, 0, 0, 0, q) = h n [x\q), 

and polynomials {ip n (x\b, c, d, q)} , {Q n (x\c, d, q)} , {h n {x\d, q)} , {h n (x\q)} are called 
in the literature (see e.g. [IT] or [TB]) respectively continuous dual Hahn, Al-Salam- 
Chihara, continuous big q— Hermite and continuous q— Hermite. 

Moreover these polynomials are related to one another by the relationships sim- 
ilar to (|2.5[) and (|2.6p with appropriate parameters set to zero. 

Remark 1. In deriving (|2.5p and (|2.6[) we used [5], 6.5. Note that there exits also 
slightly different formula [17] . 16.4.3. 
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Let us introduce two functions whose definitions were taken from |16j . They 
have the following interpretation. One is a characteristic function of q— Hermite 
polynomials 

(2.7) (p h (x\p, q) = V -rr-hn (x\q) = =3 — — -, with v (x\t) = 1 - 2xt + t 2 

%? Q Wn Ui=O v ( x W) 

convergent for \p\ < 1, |x| < 1. ([16J. 3.26.11). Let us observe that \/x E [—1,1], 
t e M : v(x\t) > 0. 

The other one is the density with respect to which q— Hermite polynomials are 
orthogonal i.e. we have: 
(2.8) 



/2 (q) VI — x 2 
K (x\q) h m (x\q) f h (x\q) dx = S m . n (q) , f h (x\q) = 22 TT l ( x \ q A ) 
.-1.11 77 Z.1 



2(q) O0 VT^' 2 

n n \x\q) n m (x\q) jh \x\q) ax = o m , n yqj n , jh {X\q) = 
[-1.1] i=l 

with I (x\a) = (1 + a) 2 - Aax 2 . ([Tg], 3.26.2). Notice that V |a;| < 1 : 1 (x\a) > 0. 

Using these function one can express densities of the measures that makes other 
families of polynomials orthogonal. Namely it is an easy observation that formulae 
respectively (3.1.2), (3.3.2), (3.8.2), (3.18.2) of [TB] can be written in form for \a\ , 
|6|,|c|,|d|<l 

(2.9) 

(ab, ac, ad, be, bd, cd) c 



f A w (x\a,b,c,d,q) = f h (x\q)(p h (x\a,q)tp h {x\b,q)tp h (x\c,q)tp h (x\d,q) i , 

(abcd) c 

(2.10) /0 (x\a, b, c, q) = f h (x\q) ip h (x\a, q) ip h [x\b, q) ip h (x\c, q) (ab, ac, bc)^ , 
(2-11) f Q (x\a, b, q) = f h (x\q) tp h (x\a, q) ip h (x\b, q) (ab)^ , 

(2-12) f bh (x\a, q) = f h (x\q) ip h (x\a, q) . 

These functions are the densities of measures that make respectively AW, C2H, 
ASC, bH polynomials orthogonal. Let us remark that we can get these formulae 
expressing densities also using formulae (12.61 with b = c = d = 0), (|2.5I with c = d 
— 0), (|2. 61 with d = 0) and (|2.6p and the presented above idea of the ratio of the 
density expansion. We can also follow the path indicated in the Remark below and 
get (|2.9p then by assigning zero values to appropriate parameters get the remaining 
densities. 

Remark 2. Following the idea of expansion, assuming \a\ , \b\ , \c\ , \d\ < 1 (|2.6[) . 
we can relate density of the Askey-Wilson polynomials and the density of C2H 
polynomials. Namely we have: 

(2.13) f A w [x\a, b, c, d, q) = (x\b, c, d, q) ^ ° (x\b, c, d, q) . 

j 'j 

Expression J2j ( a bcd) ( x \^i c -> ^> l) was summed recently by Atakishiyeva and Atak- 
ishiyev in [3] yielding 

Ea J (ab,ac,ad) . 

J -^-^ {x \b,c,d,q)= {abcd) ^ Vh (x\a,q). 

Hence following (|2.10p we have (|2.10p we get (|2.9p . This formula is known for nearly 
30 years of course in a different form (see [5], [IZ], [IS])- The presented above 
one exposes symmetry of this density with respect to the parameters. However 
notice that if it was assumed to be known then we would be able by (|2.13p to 
sum ( a fc d y tpj (x\b,c,d,q) saving Atakishiyeva and Atakishiyev a lot of work. 
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Whatever point of view we chose, (|2.13p gives a new interesting interpretation to 
the generating function £\ j^j-tpj (x\b, c, d, q) . 

Remark 3. Following the fact that J", f aw ( x \a, b, c, d, q) dx = 1 and of course (|2.9|) 
we have: 



a j b k c n d m 



hj (x\q) h k (x\q) h n (x\q) h m (x\q) f h (x\q) dx 



(abcd) c 



(ab, ac, ad, be, bd, cd) c 



i.e. characteristic function of the numbers I hj (x\q) hk (x\q) h n (x\q) h m (x\q) fh (x\q) dx > 
for free. Similarly by setting say a = in the above mentioned formula we can get 
characteristic function of the numbers \ j\ hj (x\q) hk (x\q) h n (x\q) fh (x\q) dx\ 

Numbers J_, hi (x\q) hj (x\q) hk (x\q) fh (x\q) dx have been calculated and have many 
forms. One of them can be found in [17] , 

Remark 4. For completeness let us remark that following |17) or |16j we have; 
(2.14) 

(abcdq n 1 ) n (ab,ac,ad,bc,bd,cd) r 



[-1.1] 



a n (x\a, b, c, d, q) a m (x\a, b, c, d, q) f aw (x\a, b, c, d, q) dx = S, n 



{abcd) 2n 



In the next section when discussing complex parameter case we will need the 
following corollary of Lemma [1] 

Corollary 1. 

n 

(2.15) a n (x\a,b,c,d,q) = J2[l] Mf^ q^ k Hcdq k ) n _ k Q k (x\c,d,q) 



k=0 



(2.16) 
(2.17) 

(2.18) 



E 



n — k 
rn 



m(m-n+k) m tn-fc-m (beg" m ,bdq n m ) r 



Q n (x\c,d,q) = ^ 
n-j r 



m=0 

Proof. Is shifted to Section [SI 



n-j 
m 



(abcdq 2n - m ~ 1 ) n 
(cdq J ) nj a j (x\a,b, c, d, q) 

(bcqJ,bdq j ) m 



yn-o -m a m 



{abcdq 2 i) r 



□ 



3. Complex parameters 



As mentioned above all analyzed polynomials are orthogonal with respect to a 
positive measure if only products of all pairs of their parameters have absolute val- 
ues less that 1. Hence these parameters can also be complex but forming conjugate 
pairs. 

In this section we will consider new parameters y, z, p 1 , p 2 related to parameters 
a, b, c, d by the following relationship: 

(3.1) a — p 1 exp (id) , b — p 1 exp {—iO) , c — p 2 exp (irf) , d = p 2 exp (ir/) , 

with y = cos 9, z — cos 77. 

Specially important will be in this section polynomials that depend on even 
numbers of parameters i.e. q— Hermite, ASC and AW polynomials, since then the 
measures that make these polynomials orthogonal have densities. 

First let us consider ASC polynomials with complex parameters a — pexp (irf) , 
b = pexp (—ir]). 
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Let us denote Q n (x\p exp (irj) , pexp (— ir)) ,q) = p n {x\y, p, q) , where cos r/ = y. 
One can easily notice that polynomials p n satisfy the following 3-term recurrence: 
(3.2) 

Pn+l (x\y, p, q) = 2(x - pyq n )p n {x\y, p, q) - (1 - q n ){l - p 2 q n 1 )p n -i (x\y, p, q) . 

Following [19 (1.2) we have: ip p (x, t\y, p, q) = J2jZ W/i ( x \Vi P> l) = W° =0 17^07 • 
Notice that 

(3-3) <p (x,t\y,p,q) = -— -. 

¥>h{y\tp,<i) 

Let us introduce also the following {b n (x\q)} n> _ 1 auxiliary family of polynomi- 
als: 

(3.4) b n (x\q)^(~l) n q&h n (x\q- 1 ). 

Polynomials were studied in [25] , [35] and [21] and some of their basic properties 
can be found there. Its role in the complex parameters case was disclosed in [T9"] . 
We collect these properties and expose the role of these polynomials in the following 
Lemma. 

Lemma 2. For Vn > 0, x, y, p G K, i ) Vn > : b n+1 (x\q) = -2q n xb n (x\q) + 

q n-l(l _ q n )bn l (a .| g ) ; K (a;]g-l) = (-l)n q -(2)h n (x\q) , 

u ) Ej>o (f^ 6 i ( x \0) = Ilfclo v ( x \ t Q k ) = 1 / ( Ph ( x % l) > consequently Vn > 1 : 

E"=0 [ 1 j] q h 3 ( X l<?) b n-J (x\q) = 0, 

Hi) p n (x\y,p,q) = YT ]= q ["] P n ~ 3fl j ( x \l) b n-j (y\q) , Pn (x\y, 0, q) =h n (x\q), 



w) h n (x\q) = T,j=q [™] Pi ( X \V> Pi Q) P n j h„-j {y\q) 



Proof. We prove first our identities for x, y € [— 1, 1], \p\ < 1. Then since all involved 
functions are polynomials we extend them to all values of variables, i) second 
assertion of i) follow directly definition of b n to get the other we start with 3— term 
recurrence satisfied for polynomials h n i.e. h n +i (x\q ) = 2xh n — (1 — 

q~ n )h n ^i . Then we multiply both sides by (— 1)™ +I q( 2 ) and utilize the 

fact that (2) + n = ("J 1 ) • ii) and ii) with different scaling and normalizations were 
shown in [T^]. iv) was proved in [IS]. □ 

Let us introduce another auxiliary family of polynomials {g n (x\y, p, <?)}„>_! that 
are related to polynomials p n in the following way: 

(351 a (x\v o a) - { P>n (y\x, p^ 1 , q) if p^O 

(3.5) 9n{x\y,P,q)-\ K ^ q) if p = Q ■ 

We have the following easy Proposition: 

Proposition 2. i) Vn > : g n (x\y, p, q) = {-l) n q^p n (y\x, p, q~ x ) , 

ii) Vn > : g n+1 (x\y,p, q) = -2{xq n -py)g n (x\y, p, q)-(l-q n )(p 2 -q n ~ 1 )g n -i (x\y, 

with g_x (x\y,p,q) = 0, g (x\y,p,q) = 1,^ 

Hi) V |*| , \q\ < 1, \x\ , \y\ < 1 : £)£L (f^S™ (x\y,p,q) = l/<p p (x,t\y,p,q) , 
iv) Vn > l,x,y,p 6l: YJj=o \j] q Pj ( X \V' P>l) 9n~ 3 (x\y,p,q) = 0. 

Proof. Is shifted to Section [5] □ 

Let us introduce the following polynomials of order 2 in a; and y and 4 in p : 

(3.6) u> (x, y\p) = (1 - p 2 ) 2 - Axyp{l + p 2 ) + Ap 2 (x 2 + y 2 ) . 

We have an obvious observations collected in the following proposition: 
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Proposition 3. i) ui {x, y\p) — v (x|pe IJ? ) v (x\pe ir> ) , where y = cos (n) and poly- 
nomials v are defined by \2. 7[ ) 

11) (te i9 ,te- ie ,te i *,te-^ji= u(z,y\t), with y = cos (77) , z = cos (6) . 

Besides one knows also the density with respect to which these polynomials are 
orthogonal. Namely in the present setting formula (|2.14l with d = c = 0) has the 
following form: 
(3.7) 

Pn (x\y,p,q)p m (x\y,p,q)f p (x\y,p,q) = S nm (p 2 ,q) n , f P (x\y,p,q) = f h (x\q) ^ — tt. 

1 lU=o w \ x ' V\P1 > 

is obtained from (I2.11[) after an obvious adjustment to complex parameters and 
application of Proposition [31 i). 

Similarly we will consider the AW polynomials with two pairs of complex con- 
jugate parameters. We will denote new parameters p l} p 2 , y, z. 

Notice that : 

Proposition 4. With new parameters defined by h3.1\) we have i) / n (a, b, c, d, q) = 

( 1 n-l\/ 2 Ti-1 2 Ti-1 2 2 n-2\ 

_ n s u(z,y\ Pl p 2 q )(PlQ ,P2l ;P\Pl1 ) 1 

1 q ' (p?p1? 2 "- 3 ) 3 (p?pI« 2 "- 2 ) 1 ' 

U\c (n h n A n\ O r,"~ 1 g(Pl g+^fj ( 1-p l P ^ <£~_ ] [ l + g-g" + 1 ) ) +Pl P2 (Pi *+P 2 ^) ( 1 - 

nje n [a,b,c,d,q) - 2q 

mj (ab, ac, ad, be, bd, cd) 1 = (p^, p|) w (y, z\p 1 p 2 ,q) , abed = p\p\. 
Let us denote also Vn > — 1 : 

w n (x\y, px,z, p 2 , q) = a n {x\p l e l9 ,p 1 e~ l6 ,p 2 e Lr) ,p 2 e~ l ' n ,q) . 
Corollary 2. 



fAW (x\y,Pi,z,p 2 ,q) = f h (x\q) 



„2„2\ rr°° 



Proof. Follows (|2.9p with (|3.1j) and the simplified by Proposition [3] i) and ii). □ 

Remark's. Notice that: i) Vn > : w n (x\y, 0, p 2 , z, q) = p n (x\z, p 2 , q) , 
ii) fAW (x\y,0,z,p 2 ,q) = f p (x\z,p 2 ,q) . 

Proof. Pi = implies a = b = which leads to /„ (0, 0, c, d, q) = (1 — q n ) (l — p 2 q n ~ x ) 
and e„ (0, 0, c, d, g) = 2q n p 2 z. Now we confront these values with (|3.2I) getting first 
assertion. The second is trivial. □ 

We will use also the following useful 
Proposition 5. Let i denote imaginary unit, then Vn, m > 0: 



f„ n a n ^ 



fc=0 j=0 





m 


I, 


. 3 . 



q \ >k+j 



{t^ 



k+l i(2k-n)9 i{2j—m)i) 



T m l i w i\) h ™-i i. z \i)Pn+i jy\z,t,g) 

l=0 lLjq $ >n+l 



with y = cos 8 and z = cosry. 

Proof. Is shifted to Section [5] □ 
As a corollary we have our main result 
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Theorem 1. Vn > : 

(3.9) 

n r 

n 



w n (x\p 1 ,y,p 2 ,z,q) = ^2 

3=0 

(3.10) 



3 



/I \ A V -L * / 71— 1 { I 77 — 1 \ 

Pi [x\y,Pi,q) j 2 2 n+ ,, n 9n-j \z\y, Pl p 2 q ,q) , 

, (P1P2I )n-j 



p n 2 - ] {p\q j ) n _- 
Wj (x\y, Pl ,z,p 2 ,q) . 2 2 , n 3 p n -j (z\y, PiP2<? , Q) 
q (P1P2I !n-3 



Pn (x\y,p 1 ,q) = ^2 
3=0 

where g n {z\y,r,q) is defined by \3.5\) . 

Proof. Is shifted to Section [5j □ 

As a corollary we have the following expansion of the Askey- Wilson density with 
complex parameters. 

Corollary 3. i) 

/n 1 1 \ r f I \ f I I X P2Pj ( Z \y> PlP2ll) , I \ 

(3.11) Jaw (x\y,p 1 ,z,p 2 ,q) = f p (x\y, p x , q) > — 2 2 (a;|z/,p 1; g) , 

j>o Wj yPiP2lj 

hence for Vn > 1, \y\ , \z\ < 1, |p x | , |p 2 | < 1 : 

pj (Pf) 

.1. - 1 (PiPl)„ 



a) 



(3.12) / p n (x|y,p l5 g)/Aw (x\y,p 1 ,z,p 2 ,q)dx = — - T1 -^p n {z\y,p 1 p 2 ,q), 

\P "~ 

(3.13) 

, , , \ p / t > \- (PiPj) 2j jfe (^|y,PiP2g J " 1 ,g) 

/p 0%, Pi, ?) = /aw (x|y, Pi, z, p 2 , q) > —77—27—— ; ; — Wj {x\y, p x ,z, p 2 , q) , 

i>a i.9) 3 {PiPll'- l )j (pDj ITLi w (V, ^PiP 2 <Z fc ) 

Zience Vn > 1, |y| , \z\ < 1, \p 2 \ < 1 : 
(3.14) 

P2 (p?) 

-1,1] \P1P2I In 

Proof. We use idea of density expansion presented at the beginning of the paper. 
To get i) we use ([XTO]) and (JgHwith d = c = 0). ii) We use ([L~T]) . (l33j) and 

m . □ 

Remark 6. Expansion given in assertion i) was (with slightly different scaling) 
obtained by the similar method in |12] or as a particular case of an other expansion 
in P3]. 

Remark 7. Let us consider the following correspondence between two groups of 
polynomials. To the hrst group let us take polynomials {h n (x\q), b n (y\q) , p n {x\y, p, q)} 
and to the second {p n (x\y, p ± ,q), g n (z\y, p 1 p 2 q n ~ 1 ,q) , w n (x\y, py z p 2 , q)} then 
we see that formula (I3.9[) is a generalization of Lemma [H v) while (I3.10p is a gener- 
alization of Lemma [2 vi) . Besides (|3 . 1 1 1) is a generalization of the Poisson-Mehler 
expansion formula 

OO 

EP 
j-r-hj (x\q) hj (y\q) , 

which has many proofs see e.g. [JJ, [T7] or [TU] where the presented above idea of 
the density expansion is applied. Similarly (|3.13p is a generalization of [TU], (5.3). 
Notice that following Remark [5] we see that p. lip as well (I3.9|) reduce to Q3.15P and 
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Lemma [U v) when it is set p 1 — 0. Similarly p,13[) and p.lO[) reduce to [ID] , (5.3) 
and Lemma [U vi) when we set p x = 0. 



Corollary 4. i) Vn > 1, < k < n, z,y,t € 

n— fc 

E 

3=0 



ii - k~] pj (z\y,tq k ,q) g n -k-j {z\y,tq n l ,q) 



J 



<i 



{t 2 q2k)j it 2 q n +j +k-l )n _ k _. °> 



ii) Vn > 1, < k < n, z, t G 

n— fe r 



E 

m=0 



//-/••l Prc-fc-m tq m+k , q) g m (z\y, tq^+^\q) 

(4-2 n 2m+2k\ i+2„m+2k-l\ 
\ L y )n-k-m \ l y >m 



= 0. 



5(g) 



Proof. Is shifted to Section [5l □ 

Remark 8. Notice that apart from the two above mentioned identities involving 
polynomials {p n } and {g n } we have also the one exposed in Proposition [2l iv. All 
these identities are different. 

4. Towards probabilistic interpretation 

To get nice probabilistic interpretation of Askey- Wilson density and polynomials 
we have to make certain re-scaling and re-normalization of all polynomials that 
appeared above. Let us introduce the following sets: 

S (q) = [-2/yi - q, 2/VT^q-] if \q\ < 1 

M if q = 1 " 

We will consider the following polynomials: 
H n (x\q) = K (xVT^/2) I (1 - q) n/2 , P n {x\y, p, q) = Pn (xVT=q/2\yVT=q~/2, p, q) / (1 - q) n/2 
A n (x\y,p 1 ,z,p 2 ,q) = w n (xy/1 - q/2\y^l - q/2, p 1 ,z^/l - q/2, p 2 ,q) / (1 - q) n/2 , 

B n (x\q) = b n ( Xy /T=q/2\q) / (1 - q) n/2 , G n (x\y, p, q) = g n {x^T-^l2\y^T^/2, p, q) . 
Notice that now polynomials H n , P n , and A n are monic. 

One can easily check that these new polynomials satisfy the following 3-term 
recurrences: 

(4.1) H n+ i (x\q) = xH n (x\q) - [n] g H n -i(x\q), 

(4.2) 

P n +i (x\y, p, q) = (x- pyq n )P n (x\y, p, q) - [n] q (l - p 2 q n ~ 1 )P n - 1 (x\y, p, q) , 
(4.3) 

A n+1 (x\y,p 1 ,z,p 2 ,q) = (x- (3 n )A n (x\y,p 1 ,z,p 2 ,q) - 7„_ 1 A„_i (x\y, p X) z, p 2 ) , 



where we use Pochhammer symbol and (|3.6I) for the brevity and where: 
(4.4) 

g" (y Pl + zp 2 ) (1 - g"- 2 (l + g - q n+1 )p 2 lP 2 2 ) + g n ~ l Pl p 2 (z Pl + yp 2 ) (1 - g" +1 - q n + p\p 2 2 g 2n - x ) 

ln {i-Plph 2n - 2 ){i-PlP 2 2i 2n ) 
(45) 7n " (p?p|g 2 - 3 ) 3 (p?Pig 2n - 2 ) 1 

with ff_ 1 (a;|g) = (x|a, q) = P-i{x\y,p,q) = S_ x (x\q) = G-t(x\y,p,q) = 
A_ 1 (x\y,p 1 ,z,p 2 ,q) = 0, H Q (x\q) = H (x\a,q) = P Q (x\y,p,q) = B (x\q) = 
Go (x\y, p, q) = A Q (x\y, p^z, p 2 ,q) = 1. 

Besides this change will allow passing with q to 1~. Hence we will have two 
extreme values of q. One q = (so called free case) and q = 1 (classical case) 
that will allow to support intuition. To describe those cases swiftly let us denote 
by H n (x) monic polynomials that are orthogonal with respect to measure with 



A-W POLYNOMIALS 



11 



the density exp (—x 2 /2) /V2tt. and by U n (x) let us denote Chebyshev polynomials 
of the second kind . Thus these polynomials are defined by the following 3-term 
recurrences: 

(4.6) H n+ i (x) = xH n (x) + nHn-x (x) , U n+1 (x) = 2xU n (x) - U n -i (x) , 

with H-! (x) = U-i (x) = 0, H (x) = U (x) = 1. 

Remark 9. Vn > : i) H n (x\l) = H n (x) , H n (x\0) = U n (x/2) , 

ii) P n (x\y,p,l) = H n (1 - P 2 ) n/2 , P n (x\y,p,0) = U n (x/2)-pyU n ^ (x/2)- 



p 2 C/„_ 2 (x/2) , 

in) A (x\v o zo I) - ( i^M^lY^ H ( ^-^-p^i-p^-p^-p^A 
m)A n (x\y, Pl ,z,p 2 ,l)-^ x _ pipi J H n ^ A / (l _ p?)(l _ pi)(l _ pfpi) J' 

A n (x\y,p 1 ,z,p 2 ,0) = U n (x/2)-( Pl y + p 2 z) U n - X (x/2)+(p 2 1 +p 2 ,+yzp 1 p 2 )U n - 2 (x/2) 
- P1P2 (Pi z + P2V) u n-3 (x/2) + p\p\U n ^± (x/2) . 

Proof. First of all let us notice that \ri\ 1 — n and [n] = 1. So (|4. 1|) for q = 1 

and q = reduces to (|4.6|) . Further for = 1 /3 = yPl ( 1 p2 j + / p 2 2 ^ Pl ) and 7 

^ P1P2 

= "(^PiK 1 "^) an d for q = /3„ = and 7 „ =i) ii) Follow flU} and for g = 

P1P2 

1 (|4.6p modified in a standard way to fit (|4.6p . The case q = follows directly 

Lemma |31 i). hi) Follows the fact that j3 n for q — 1 is equal to yPl ^ 1 p llj^pi Pl ) 
-does not depend on n while for g = is equal to for n > 2. For q = 1 c n is equal 

n f 1 — 2 Vl— 2 

to — — 1 92 ' -proportional to n while for q = to 1 for n > 2. For q = 1 it 

A P1P2 

is easy to notice that 3-term recurrence satisfied polynomials A n is a modified one 
given by (14.6[) . For g = one can reason in two ways. One way of reasoning is to 
observe that the density given by (|4.8I) has a form of the ratio of a/4 — x 2 divided 
by certain polynomial of order 4. Hence following Proposition 1 of [TU] we deduce 
that polynomials that are orthogonal with respect to the density of this form must 
be of the form of linear combination of successive 4 + 1 = 5 polynomials that are 
orthogonal with respect to the density a/4 — x 2 /2n i.e. Chebyshev polynomials of 
the second kind. Or we can notice that the 3-term recurrence satisfied by AW 
polynomials for q = is the same as that of the Chebyshev polynomials of the 
second kind with different initial conditions. Now it remains to find coefficients of 
the linear combination of the Chebyshev polynomials of the second kind. □ 

Adapted to current setting Lemma [5] has the following form 

Lemma 3. For Vn > 0, x,y, p € R, 

i) p n (x\y, P ,q) = e;= [i q p n ' iH i B n-i (y\q) , 

U) H n (x\q) = £? =0 ^] qP n -iH n ^ (y\q) P j (x\y,p,q) . 

Proof, i) was shown in this form in |19) . ii) follows almost Lemma [2l v). □ 

Polynomials {H n (x\q)} and {P n (x\y, p, q} are orthogonal with respect to mea- 
sures having respectively the following densities 

(4.7) 



In (x\q) = fh [ -\q) -, fcN (x\y, p, q) = In (x\q) 



DC 



TT°° ( s/^—Q 

Ilj=O w \ X 2-i 



x,y G S (q) . We will call distribution with the density /at q— Normal while with 
fcN conditional q— Normal. 
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Polynomials {A n } are orthogonal with respect to measure with the density: 

/a q \ t i \ \ fcN (y\x,p 1 ,q)f C N (x\z,p 2 ,q) 

(4.8) fAw{x\y,p 1 ,z,p 2 ,q) = — . 

Jcn {y\z,p 1 p 2 ,q) 

We have several easy observations that are believed to help intuition which we 
will put two remarks one concerning densities the second polynomials: 

Remark 10. /jv(x|1) and fcN (x\y, p, 1) are Normal densities with appropriate 
parameters Jn (a: 1 0) = — x 2 , \x\ < 2, (Wigner distribution with parameter 

2), fcN(x\y,p,0) = 

2-ixtyp 1 [x 5 +y^)-pxy(i+p i )+(i-p'^) i ) (Kesten McKey distribution). 
From (|4.8[) it follows that fAw (x\y, Pi, z, p 2 , 1) is the density of certain Normal 
distribution with appropriate parameters while 

f A w(x\y,p l7 z 7 p 2 ,0) = - — , r j j=- v for a;| , \y\ , \z\ < 

2, \Pi\,P 2 \ < 1. 

Proof. Jn- For q = 1 see [17] . for q — one can see directly. fcN for 9 = 1 see 
[17] , for q — we have get it directly from (14.71 ) . /aw f° r 5 = 1 it follows (|4.8[) 
and formula for /cjv, f° r q = we apply (14.71 ) and direct calculation. Now we are 
ready to present probabilistic applications of the densities /n , fcN and Jaw as 
well as polynomials H n , P n , A n . □ 

Let us consider 3 random variable say X, Y, Z their joint density is equal 
to Jn (y\q) fcN (x\y, p 1: q) fcN (z\x, p 2 , <?) • Another words we assume that Y, X, Z 
form a finite (of length 3) Markov chain. 

Lemma 4. For almost all x,y, z € S (q) and all n > lwe have: 

i) X ~ Y ~ Z ~ f N (Y, X) ~ f N (x\q)f C N [v\x,Pi,g) , (Z,X) ~ f N (x\q) f C N (z\x,p 2 ,q) , 
{Z, Y) ~ /at (z\q) Jcn (y\z, p x p 2 , q) , 

ii) Y\(X = x,Z = z) ~ fcN{y\x,Px,q), Z\(X = x,Y = y) ~ f C N(z\x, p 2 , q), 
X\(Y = y,Z = z) ~ /aw {x\y,p x ,z,p 2 ,q) , 

mJE(.4„ (Xly,^,^,^,?) |Y" = S/,Z = 2) =0, E(P n (X|y, p x , z, p 2 , g)|Y = y,Z = 

z ) = jpTpTy p n{z\y,PiP 2 ,q) , 

E (P„ Pl , g) |Y = y) = 0, E(A„ p 1 ,z, p 2 ,q) \Y = y)= G n (z\y, P^q^-.q) 

Proof, i) and ii) follow the following observations: First one Jg/ q \ fN i x \q) fcN (y\x, P\,q) dx 
= fN (y\q) which follows (14.71 ) from which it follows that /at (y\q) fcN (x\y, ,t,q) = 
fN (x\q) fcN (y\x, t, q) . Second one J s{q) f C N (x\y, p x ,q) fcN (y\z, p 2 ,q) dy = f C N (x\z, p x p 2 , q) 
for \p x \ , \p 2 \ < 1 which was proved in [T5]. Third one states that the conditional 
density -X"|(Y = y,Z = z) is equal to the ratio of joint density divided by the 
marginal density of (Y, z) given in assertion iii) and iv) follow the fact that poly- 
nomials A n and P n are respectively orthogonal polynomials of f aw and fcN- The 
remaining statements are in fact equivalent to assertions of Corollary [3] □ 

Let us mention that assertions of Lemma 2] does list only the most important 
probabilistic aspects of mentioned in this paper polynomials and densities. The 
others can be deduced from many other properties that were presented in Section 
[3] Let us mention for historical reasons that first such probabilistic aspects ap- 
peared an excellent paper of Bozejko et all [3] where two stochastic processes that 
constitute generalization of ordinary Wiener and Ornstein-Uhlenbeck processes ap- 
peared. This was done in noncommutative probability context however is important 
also in for classical probability. In [3J there appeared re-scaled densities fh and f p 
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that this densities /at and fcN- Further analysis of the stochastic properties of 
these processes was done recently in |15j . 

Generalization of the presented above finite 3-step Markov chain was done in 

m- 

An attempt to overcome the Markov scheme was done in [14] . Unfortunately it 
was an unsuccessful attempt in the sense that it turned out that it is impossible to 
construct trough generalization of the Kible-Slepian formula a 3— dimensional joint 
density that would have marginals of the form /jv (x\q) fcN (y\x,p,q) and many 
other properties described in Lemma [4] (except of course vii) and viii)) . 

Let us mention also that in 2001 W. Bryc in [2\ constructed a stationary Markov 
chain {X n }°*L_ satisfying simple intuitive conditions imposed on its first two 
conditional moments. It turned out that one- dimensional distribution of this chain 
has density Jn while its transitional distribution has density fcN- Let us mention 
that parameter q does not appear in the original probabilistic description of the 
chain. It has to be defined as a certain rational function of parameters describing 
these first two conditional moments. For details refer to original paper of Bryc [2], 
but also some recollection of known and presentation of new properties of these 
Markov processes is also done in [TO] , [TO] , [TO] • 

Finally let us mention also the fact that polynomials and densities analyzed in 
this paper appear also in the so called 'quadratic harnesses context'. For detail see 



5. Proofs 

Proof of Proposition [7] As far as /„ is concerned the situation is simple straightfor- 
ward. So let us concentrate on justifying the form of e n . Analyzing a -1 — A n = (1 — 

(l-abq")(l-acq")(l-adq"-)(l-abcdq"- 1 ) , , , r _ (l-g")(l-bcg"- 1 )(l-bdg"- 1 )(l-cd ? "" 1 

(l-abcdq 2 »- 1 )(l~abcdq 2 ™) ) / U Alia a O rl — (1(1 (l-abcdq 2 "- 2 )(l~abcdq 2 "- 1 ) 

we see that their sum is a rational function with common denominator being the 
product of the denominators of both expressions. Secondly analyzing a -1 — A n we 
see that factor a will cancel out and will not appear in the denominator. Thirdly 
notice that each of the expressions has both symmetric in parameters a, b, c, d, 
and non-symmetric parts. More over the non-symmetric parts cancel out in the 
sum of the two expressions. For example we have expression bq n in a^ 1 — A n while 
in a — C n we have —bq n . Thus it remains to calculate (1 — abcdq 2n ) times the 
symmetric (in a, 6, c, d) part of a -1 — A n plus (1 — abcdq 2n ~ 2 ) times symmetric 
part of a — C n . □ 

Proof of Lemma\^ Let us consider a = 0. We get then w n (0, b, c, d, q) = (1 — 
q n ){l - bcq n - l ){\ - bdq n - l ){l - cdq n - 1 ) and v n (0,b,c,d,q) = q n (b + c + d) + 
bedq 71 " 1 ^ — q n+1 — q n ), Thus comparing this with (|2.4I with d — 0) we deduce that 
a n (x|0, b, c, d, q) = ip n (x\b, c, d, q) . To get (|2.5p we apply formula 6.4 of [5] with a 
= a, a = 0. One has to be aware that this formula is valid for polynomials p n . 
Thus taking into account (|2.3D we get using on the way formula a n ~ k (ct/a) n _ k — 

(— a) n k g( 2 ) when a — : Hence we are getting: 

Cfe '"- ( X) q W M (q) k (abcdq^) n 



Now notice that {q~ n ) k = (-l) k q~ nk+ ( 2 ) [£] (?)* ■ Hence we have: 



(»-*), ,n-k( bc< l k > bd< l k ' cd <l k )n-k 

y\ 2 ) —a) : : . 



, (abcdq n +^) n _ k 
To get (|2.6p we use the same formula but with a = 0. □ 
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Proof of the Proposition [H i) Let us notice that using Q3.4[) and Lemma [3J ii) we 
get 



Pn (y\x,p,q *) = 



ii) We have 
9n+i (x\y,p,q) 



E 

3=0 



3=0 



n 




J_ 




n 






Q 


j. 





p n ~% {y\q- 1 ) bn-j {xlq- 1 ) 



g-G) (-!)»£ H p n ^b (y\q)h n ^ (x\q) = g"ft) (-l)Vp» (tfl^p" 1 ,?) . 



p' l+1 (2(y - p~ (y|ar, P~\q) ~ (1 - ? w )(l - p-V^K-i P" 1 ?)) 

-2(g n x - pj/)^ (x|y,p,g) - (1 - q n ){p 2 - q n ~ x )g n -i{x\y , p, g). 



hi) Assume p ^ 0. We have Y^Lo j£^9n (x\y, p, q) = £°1 tS£" p ™ {v\x, P O) 



tp p (y,pt\x,p 1 ,q) = v ^^t\q) = 1 / L P P ( X AV;P^) b y iv ) Follows directly 



□ 



Proof of Proposition Proof is based on two independently obtained formulae for 
the sum 2fc>o ^n+k (^l?) h-m+k (y\q) ■ Now recall that Carlitz in [7], 1.4 summed 
up the following expression J2k>a Rm+k (x\q) R n +k (y\q) where R n (x\q) de- 
notes the so called Rogers-Szego (RS) polynomial defined by :R n {x\q) — Y^k=o [&] x>! '■ 
Let us also recall formula h n (cos 9\q) = cos(ni8)R n (e~ 2l0 \q) (see [T7] formula 13.1.7) 
expressing relationship between RS and qh polynomials. 

Applying ( 7 , 1.4 ) with x = exp (— 2i6) , y — exp (—2irj) and r = exp (i(9 + rj)t 
we get: 

„ifc(0+>jUfc p ik(e+rj)j-k 

Y^Rm+k (e- 2i *|g) i? n+fc (e- 2 "'|g) . . * = J> fe ( e " 2i9 |g) i? fc ( e - 2 "'|g) x 

fc>0 fc >n Wfc 



EE 

s=0 r=0 



rm 
L s 





n~ 


Q 


r - 



> k fc>0 

(te^- e +^) s (te^ e -^) r (te-^ e +^) s+r 



+r ^—2i{m—s)6^—2i(n—r)r} 



Multiplying both sides by e i ( me +" r ') and passing to polynomials h n we get 
(5.1) 

m 

-EE 



^ h m+k (x\q) h n+k (y\q) -— = ^ h m (x\q) h n {y\q) — - 
fc>o {q) k k>0 {q) k 



rm 

L s 





n" 


</ 


.r . 



(te i (- e ^) s (te i ^) r (te- i ^) 



(t 2 



£+£gie(2s— m) ^ir](2r— n) 



Now recall that in jlOj . Lemma 3 i) we have proved certain formula for the poly- 
nomials H n related to polynomials h n by as in the beginning of Section 0] After 
necessary adjustment to polynomials h n (I5.ip we get our assertion. □ 
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Proof of Corollary [7J We start with (|2.5[) . then we use (|2.6I with d = 0) 

n 

<\„[.r n.b.c.d.q: V > , , , ,. , , 

^ L«J g (abcdq n +* l ) n _ 



= E 

i=0 



(-o) n_< 9 (V). 



(a6cdg n+l - 1 )„ 

E0 (-ir fe (^)„_ fc o fe (-| C ,rf,<z)E 



E I (-6) i "*« (V )(cdg fc ) i _ fc Q*(a!|c,d,g) 



1 fc=0 L J 9 

71— fc r 



k=0 



m=0 



71 — fc 

m 



(abcdq 



n+fc+m— 1 



> n—k—m 



Now we notice that (n — m)(n — to — l)/2 + to(to — l)/2 — n(n — l)/2 = m (to — n) 
Hence we see that g( 2 ) + ( 2 ) — g( 2 )qm{m-n+k) anc j consequently we get 
(I2T51) . □ 

Proof 0/ Theorem^ First we will prove ([HTTP]) . We start with ([237]) , apply (13~Tj) 
getting 

n r 

E ■ (Pll 3 ) n~j P2~ 3 Wn ( X \yiPli Z iP2><l) X 
j=0 LJJ 9 



E 



n - j 
rn 



D —i(n—j—m)rj fJ im j ri i,PlP2^ Q \ PlP2^ Q ) 7 



Now we apply (I3.8[) with m— > and j— > and n— > n — j, t— > PiP 2 q J and get 



Now let us concentrate on proving (I3.0j) . Using (12 . 15[) and p. II) we get: 



n—k 



E □ (-ir*9 m (cd q k ) n _ k Q k ( X \c,d, q )*Y: 



k=0 

Hence 



m=0 



n — k 
m 



(m-n+k) a m^n-k-m (^ C 1 n ™ , bdq n m ) r 

(abcdq 2 ™-" 1 - 1 ) 



n 

"n (x\p 1 ,y,p 2 ,z,q) = ^ [™] (-l)"~ fc g( 2 ) (p^ fe ) Pfe (aj|y, Pl) «j) 



E 

m=0 



n — k 
m 



k=0 



ralva—n+k) mAmr) n—k—m—i(n—k—m)r) 
1 P2 c P2 e 



(q n - m p 1 p 2 e i (-l +e \q n - m p 1 p 2 e i (-l-V) t 

{p\pW n - m - 1 ) m 



Now we apply formula (I3.8P with to — ^ 0, n — >• n — k, t — PiP 2 q" ■ We have 
applying (|2.2p on the way 



n 

"n (x\pi,y, p 2 ,z,q) = [^] (-l)" _fe ?( 2 ) (Pi<l k ) n _ k P r r k Vk (x\y, p 1 ,q) 



k=0 



E 



n—k 
m 



-i(n—k—2m)rj 



^ q - m +i te i(- v +e) ^ q - m +i te i(- v - 



(t 2 q- m+1 ) r 



n 

= E □ (-irV"> (^v^rWi^?) 

k=0 q 



Pn-k (y\x,t,q *) 

(^Q-'h-k 



Now it remains to apply Proposition [2j i).and once more (|2.2 



□ 
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Proof of the Corollary [7} i) We combine Q3.9P and p.lOj) getting: 



w n [x 



Pi,y,p2>*>q) = E 

3=0 



n r -| 

n 



E 

fe=0 



w k (x\y,pnZ,p 2 ,q) 



ft" (p?«V fc 



(p 2 iPk 2k )j- k 



Pj-k (z\y, Pl p 2 q k ,q) 



Changing the order of summation leads: 



w n (x\p 1> y,p 2 ,z,q) = ^2 



k=0 



w k (x\y,p 1 ,z,p 2 ,q)p 2 l {p\q k ) n _ k X 



E 

j=k 



n — k 
j - k. 



9n-j (z\y,PiP 2 q n 1 ,q) Pj-k (z\y,p 1 p 2 q k ,q) 



{p\p 2 2 q n +j- x \ 



{p\pW k )i-k 



k=a 



n—k 



E u w k(x\y,Pi,z,P2,q)p2 k (pii k ) n _ k E 



n — k 
m 



9n-k-m (z\y,P 1 P 2 q n 1 ,q) Pm (z\y,p 1 p 2 q k ,q) 



q \P1P2I Jn-k-rn 



{plph 2k> 



Since expansions in AW polynomials is unique we deduce that 



yn—k \n— kl 



for k = 0, . . . , n— 1. Now we 



En— /c rri — fe"| ! 
m=0 [ m J, ( p 2 p 2 g „ +fc + m -i^ (p?pl? 2fc ) m 

replace P! p 2 by £. Since we deal with rational functions we can extend range of all 
variables to all reals. 

ii) We combine (pTTU|) and (033) getting 



i=o 



E 

fe=0 



, (piph 2j )n-, 

J-k I Jl r ,k\ 



l Pn-j {z\y,PiP2q i ',«) 



P2" (-°i9 fc ) -_ fc 

p fc p 1; g) 2 2 - +fc _^ ft-fc (z\y, p x p 2 q J ,q) 

q \P\P2I )j-k 



We change the order of summation getting: 



{x\y,pi,q) = E 



k=0 



Pk(x\y, Pl ,q)p2 {p\q ) n _ k x 



E 

j=k 



n — k 
J-k, 



Pn-j (z\y, Pl p 2 q3 ,q) gj -_ fc (z\y,p 1 p 2 q : > 1 ,q) 



j-fc 



fe=0 



i— k 



J2 , Pk(x\y, Pl ,q)p 2 i k (pjq k ) n _ k xJ2 



n — k 
m 



Pn-k-m (z\y , Pl p 2 q m+k , q) g m (z\y, Pl p 2 q m+k l ,q) 



(Pip 2 2 q 2k+2r ' 



' n—k—m 



Since expansion in ASC polynomials is unique we deduce that 

En-k rn-kl Pn-k- m (z\v,p 1 p 2 q' rl+k ,g) g m {z\y,p 1 p 2 q m+k ~ 1 ,q) 
m=0 I m \ q {fifetfk+zm} { p 2p2 q 2k + m.- 1 ) 

Now it remains to replace p 1 p 2 by t. 



for k = 0,...,n - 1. 

□ 
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